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A B S T R A C T  
 

Energy harvesting from ambient vibrations using piezoelectric cantilevers is one of the most popular 
mechanisms for producing electrical energy. Recently, efforts have been made to improve the performance of 
energy harvesters. The output voltage dramatically depends on the geometrical and physical parameters of 
these devices. In addition, improved performance is often achieved by operating at or near the resonance point. 
So, this paper aims to reduce the natural frequency to match the environmental excitation frequency and 
increase the harvested energy. For this purpose, different geometrical and physical parameters are studied to 
determine the impact of each parameter. These parameters include the length, thickness, density, and Young’s 
modulus of each layer. The beam is considered a unimorph cantilever with rectangular configuration and the 
study is performed using COMSOL Multiphysics software. The results are compared with those obtained by 
an analytical approach. The results show that changing the parameters made the natural frequency of the 
system vary in the range of 20 Hz to 200 Hz and increased the output voltage up to 20 V. 
 

https://doi.org/10.30501/jree.2022.320113.1300 

1. INTRODUCTION1 

Rapid advances in electronic devices and sensors have 
intensified the efforts for portable energy sources [1]. The 
high costs of constant battery replacement and the limited 
final weights of devices have increased the attempts at 
supplying energy from ambient vibrations such as vibration of 
the wing of a UAV during flight, traffic and wind induced 
vibrations in tall bridges, vibration coming from rotating tires 
of a vehicle, heart beats and blood pressure fluctuations in the 
human body, and vibration due to walking or physical 
exercise [2]. In general, mechanical energy can be converted 
into electrical energy through three mechanisms, namely 
electromagnetic [3], electrostatic, and piezoelectric [4]. At the 
same time, piezoelectric materials have been considered for 
use to boost the output voltage because they need no electrical 
sources [5]. 
   The capability to harvest energy from the environment is 
significant, especially in high-tech industries like aerospace. 
For instance, Eugeni et al. [6] modeled a piezoelectric energy 
harvester on a fluid stream and developed it for use in wireless 
sensors. In another study, Liu et al. [7] developed energy 
harvesting arrays consisting of several piezoelectric elements 
to monitor traffic and energy harvesting. These arrays were 
examined to simulate the effects of loads and speeds of 
different vehicle axles. The impacts of piezoelectric 
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configurations on the harvested amount of energy were then 
studied. The impacts of temperature on the output signals of 
the arrays were also analyzed. The experimental results 
indicated that the output voltage increased gradually as the 
load and frequency increased. With rapid developments in 
artificial intelligence technologies and the Internet of Things, 
wearable electronic devices have attracted a great deal of 
attention. Piezoelectric-based nanogenerators have great 
potential for use as human health monitoring sensors and 
biomechanical energy harvesters in wearable electronics due 
to their high flexibility, low weight, high reliability, and high 
accuracy [8, 9]. Piezoelectric materials are used as actuators, 
sensors, and energy harvesters in various medical devices. 
Natural piezoelectric materials have different properties from 
mineral piezoelectric materials. The high mechanical 
properties and flexibility of natural piezoelectric materials are 
very important and practical in various applications of medical 
equipment. Natural piezoelectric materials are used in medical 
sensors, which are located close to internal organs such as the 
heart due to the need for proper flexibility [10]. As discussed 
earlier, the exceptional capabilities and properties of 
piezoelectric materials have made them easy to use in 
different fields [11]. However, it is necessary to know 
everything about the field of use, limitations, and conditions 
of the system for the application of piezoelectric materials 
[12]. Hence, the parameters of energy harvesting systems 
must be appropriately designed [13]. 
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In the conventional design of energy scavengers based on 
piezoelectric materials, a cantilever beam configuration is 
used with a piezoelectric layer [14]. Creating high strain 
energy and reducing natural frequencies in this configuration 
are the main reasons for employing such a beam to harvest 
energy [15]. Nevertheless, the natural frequencies in these 
mechanisms range from several hundred Hz to several kHz. 
Of note, the excitation frequencies of environmental resources 
are usually not very high. A way of solving this problem is to 
use proof mass at the free end of the beam. This method helps 
reduce the resonant frequency of the energy harvesting system 
[16]. Moreover, the geometry of the beam structure and 
properties of the materials used have substantial impacts on an 
energy harvesting performance [17]. In recent studies, beams 
have been used in various geometrical shapes such as 
rectangular and triangular shapes. Moreover, it is possible to 
increase the harvested energy by applying optimization 
methods to the geometrical parameters of the beams [18]. The 
output power depends significantly on the properties of 
materials and the geometrical parameters of the beam [19]. 
Stress and strain increase as the geometrical properties of the 
beam change; therefore, higher levels of voltage and power 
can be harvested from a specific piezoelectric material [20]. 
According to the research results, the natural frequency of a 
triangular beam is lower than that of a rectangular or 
trapezoidal beam under the same conditions. Furthermore, the 
thickness of the beam layer affects the performance of an 
energy harvester performance. The beam structure is usually 
in the form of an elastic layer with a piezoelectric patch 
(unimorph) or an elastic layer with two piezoelectric patches 
on either side of the elastic layer (bimorph) [21, 22]. 
   An energy harvesting system must be appropriately 
designed in an environment exposed to ambient vibrations due 
to the adaption of that system to environmental conditions. 
Efficiency improvement is important in the design and 
analysis of energy harvesters. Efficiency is defined as the ratio 
of the output electrical energy to the input mechanical energy. 
Despite several studies on the efficiency analysis of energy 
harvesters, the effects of geometric and physical parameters 
on the performance of energy harvesters have not been 
explored simultaneously through analytical and numerical 
(FEM) approaches. In this study, different multiplication 
factors were applied to geometrical and physical parameters 
such as beam length, thickness, density, and Young’s modulus 
to measure the effect of each on the energy harvesting 
process. The resulting information of these simulations can 
lead to a more appropriate design of an energy scavenger. 
Based on the separate analysis of the effect of each parameter 
on the energy harvesting process, it is possible to select the 
appropriate material and geometry of the energy harvester to 
meet the needs and conditions of each environment. The 
energy harvester beam was considered rectangular and 
unimorph. 
 
2. ELECTROMECHANICAL MODEL OF THE ENERGY 
HARVESTER 

One of the most common models of energy harvesting is a 
cantilever beam with a piezoelectric layer, which is shown in 
Figure 1. The beam has the width of b and length of L. It also 
consists of an elastic layer with the thickness of hs and a 
piezoelectric layer with the thickness of hp. The electrodes 
cover the entire surface of the piezoelectric layer, which does 
not slip with respect to the beam. 

 
Figure 1. The schematic view of an energy scavenger under base 

vibrations 
 
The general motion of the beam under forced vibrations 
including the base motion and its transverse displacements can 
be expressed as in Equation 1 [23]: 

w(x, t) = wb(x, t) + wr(x, t) (1) 

where wb(x, t) is the motion of the base of the beam and 
wr(x, t) is the transverse displacement of the beam related to 
the clamped end. Moreover, the motion of the beam base is 
defined as in the following equation: 

wb(x, t) = g(t) + xh(t) (2) 

where g(t) is the translational motion of the beam along the 
Y-axis and h(t) is the rotation of the beam around the Z-axis. 
The equation of motion assuming the Euler-Bernoulli beam 
theory can be expressed as follows [23]: 

∂2M(x, t)
∂x2

+ CsI
∂5wrel(x, t)
∂x4 ∂t + Ca

∂wrel(x, t)
∂t

+ m
∂2wrel(x, t)

∂t2

= −m
∂2wb(x, t)

∂t2 − Ca
∂wb(x, t)

∂t  

(3) 

   The bending moment M(x, t) is calculated as follows: 

M(x, t) = −� T1sby dy
hb

ha
− � T1

pby dy
hc

hb
 

(4) 

where T1s and T1
p denote stress in the elastic and piezoelectric 

layers, respectively.  

T1s = YsS1s (5) 

  

T1
p = Yp(S1

p − d31E3) (6) 

where d31 refers to the piezoelectric constant and E3 denotes 
the electric field, whereas S1s indicates the strain in the elastic 
layer. Furthermore, S1

p shows the strain in the piezoelectric 
layer. Replacing the values obtained in Equation 4 yields the 
following equations: 
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M(x, t) = � Ysb
∂2wrel(x, t)

∂x2 y2 dy
hb

ha

+ � Ypb
∂2wrel(x, t)

∂x2 y2 dy
hc

hb

− � v(t)Ypb
d31
hp

y dy
hc

hb
 

(7) 

  

M(x, t) = YI
∂2wrel(x, t)

∂x2 + ϑv(t) 
(8) 

where Ys denotes Young’s modulus of the substrate layer, Yp 
Young’s modulus of the piezoelectric material, I the moments 
of inertia of the beam cross-section, and m the linear mass 
density of the beam. The bending stiffness of the composite 
beam and electromechanical coupling can be obtained from 
the following equations: 

YI = b �
Ys�hb3 − ha3� + Yp(hc3 − hb3)

3
� 

(9) 

  

ϑ = −
Ypd31b

2hp
(hc2 − hb2) 

(10) 

  

M(x, t) = YI
∂2wrel(x, t)

∂x2 + ϑv(t)[H(x) − H(x − L)] 
(11) 

   Figure 2 demonstrates the beam cross-section. 
 

 
Figure 2. The cross-section of an energy scavenger and it’s 

equivalent cross-section 
 
   The following equations can be employed to find the 
position of the neutral axis [23]: 

n =
Ys
Yp

 (12) 

  

hpa =
hp

2 + 2nhphs + nhs
2

2(hp + nhs)  
(13) 

hsa =
hp

2 + 2hphs + nhs
2

2(hp + nhs)  
(14) 

  

hpc =
nhs(hp + hs)
2(hp + nhs)  

(15) 

   To maintain the relationship between electrical and 
mechanical parameters of the system, it is necessary to define 
the piezoelectric constitutive relations [24]: 

D3 = d 31T1 + ε33T E3 (16) 

  

D3(x, t) = d 31YpS1(x, t) − ε33S
v(t)
hp

 
(17) 

  

S1(x, t) = −hpc
∂2wrel(x, t)

∂x2
 

(18) 

  

D3(x, t) = −d 31Yphpc
∂2wrel(x, t)

∂x2
− ε33S

v(t)
hp

 
(19) 

   In the above equations, D3 refers to the electric 
displacement, whereas ε33T  represents the permittivity, and E3 
denotes the electric field. Moreover, current i(t) and voltage 
v(t) can be calculated in accordance with the amount of 
electric charge q(t). 

q(t) = � D. ndA
A

= −� �d 31Yphpc
∂2wrel(x, t)

∂x2
L

x=0

+ ε33S b
v(t)
hp

�dx 

(20) 

  

i(t) =
dq(t)

dt = −� d 31Yphpcb
∂3wrel(x, t)
∂x2 ∂t dx

L

x=0

−
ε33S bL

hp
dv(t)

dt  

(21) 

  

ε33S bL
hp

dv(t)
dt +

v(t)
Rl

= −� d 31Yphpcb
∂3wrel(x, t)
∂x2 ∂t dx

L

x=0
 

(22) 

  

v(t) = Rli(t) = −Rl �� d 31Yphpcb
∂3wrel(x, t)
∂x2 ∂t dx

L

x=0

−
ε33S bL

hp
dv(t)

dt � 

(23) 

   In the above equations, hpc refers to the distance between 
neutral axis and the piezoelectric layer center, whereas Rl 
indicates the electrical resistance of the circuit. To solve the 
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governing equations, the transverse motion of the beam can be 
written as a convergent series of eigenfunctions: 

wrel(x, t) =  �∅r(x) ηr

n

r=1

(t) 
(24) 

  

∅r(x) = � 1
ml �cosh

λr
L x − cos

λr
L x

− σr �sinh
λr
L x − sin

λr
L x�� 

(25) 

  

ηr(t) =
[mω2(γrwY0 + γrθθ0) − χrV0]ejωt

ωr
2 − ω2 + j2ζrωrω

 
(26) 

where ∅r(x) represents the mass normalized eigenfunction, 
and ηr(t) indicates the modal coordinate of the cantilever 
beam. Herein, λr’s can be specified by solving the 
characteristic equation: 

1 + cos λ cosh λ = 0 (27) 

  

σr =
sinh λr − sin λr
cosh λr + cos λr

 
(28) 

where: 

ωr = λr2�
YI

mL4 
(29) 

  

γrw = � ∅r(x) dx
L

0
 

(30) 

  

γrθ = � x∅r(x) dx
L

0
 

(31) 

   Assuming: 

h(t) =  θ0ejωt (32) 

  

g(t) = Y0ejωt (33) 

  

v(t) = V0ejωt (34) 

   v(t) can be defined as follows: 

V0 =
∑ jmω3φr(γrwY0+γrθθ0)

ωr
2−ω2+j2ζrωrω

∞
r=1

∑ jωχrφr

ωr
2−ω2+j2ζrωrω

∞
r=1 + 1+jωτc

τc

 
(35) 

v(t) =
∑ jmω3φr(γrwY0+γrθθ0)ejωt

ωr
2−ω2+j2ζrωrω

∞
r=1

∑ jωχrφr

ωr
2−ω2+j2ζrωrω

∞
r=1 + 1+jωτc

τc

 
(36) 

  

v(t)
−ω2Y0ejωt

=
∑ −jmωφrγrw

ωr
2−ω2+j2ζrωrω

∞
r=1

∑ jωχrφr

ωr
2−ω2+j2ζrωrω

∞
r=1 + 1+jωτc

τc

 
(37) 

where: 

φr = −
d31Yphpchp

ε33s L �
d2∅r(x)

dx2
L

x=0
dx

= −
d31Yphpchp

ε33s L
d∅r(x)

dx �
x = L

 

(38) 

 
3. PROBLEM STATEMENT 

Table 1 presents the geometrical and mechanical 
characteristics of the unimorph beam. To study the effects of 
scavenger parameters such as length, thickness, Young 
modulus, and density on lowest resonant frequency and 
harvester performance, a comparative study has been carried 
out by considering some multiplication factors. Better insight 
can be achieved by multiplying each parameter by factors 0.5, 
1, and 1.5, whereas others are deemed to be constant. This 
approach, for the design of an energy scavenger, leads to a 
more appropriate selection of materials and geometrical 
properties. Hence, it is possible to obtain a greater amount of 
energy. The numerical simulations were performed in 
COMSOL Multiphysics software (Figure 3). Additionally, the 
load resistance was considered Rl = 106 Ω in this study. 

 
Table 1. The mechanical and geometrical characteristics of the 

piezoelectric and substrate layers 

Parameter Substrate layer PZT layer 
Young modulus (GPa) 100 66 

Density (Kg/m3) 7165 7800 
Length (mm) 100 100 
Width (mm) 20 20 

Thickness (mm) 0.5 0.4 
 
 

 
Figure 3. The geometrical and meshed model of the rectangular 

beam 
 
4. RESULTS AND DISCUSSION 

Table 2 shows the analytical and numerical (COMSOL) 
natural frequencies of the harvester. As can be seen, the 
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results are in good agreement. The numerical first natural 
frequency was found to be 47.82 Hz in COMSOL, whereas it 
was analytically calculated to be 47.81 Hz. Figure 4 depicts 
the numerical mode shapes 1-3 of the energy scavenger. 
Figure 5 plots the analytical output voltage at 0-400 Hz for 
resistive loads of 500 Ω, 5 kΩ, and 50 kΩ logarithmically. As 
can be seen, the output voltage was maximized at the natural 
frequencies. In addition, a rise in the resistive load raised the 
output voltage. This is evident throughout the frequency 
range, including the second natural frequency. Figure 6 
depicts the numerical output voltage of the harvester at 0-400 
Hz for the same resistive loads in COMSOL. The logarithmic 
voltage was obtained to be -0.938, -0.012, and 0.576 V at 
resistive loads of 500 Ω, 5 kΩ, and 50 kΩ, respectively, at the 
first natural frequency. At the second natural frequency, 
however, the logarithmic voltage was found to be -1.501,        
-0.650, and -0.325 V at resistive loads of 500 Ω, 5 kΩ, and 50 
kΩ, respectively. Figure 7 compares the numerical and 
analytical output voltages at 0-400 Hz for a resistive load of 
50 kΩ. As can be seen, the numerical and analytical results 
were in good agreement. The slight difference between the 
output voltage results at the second natural frequency arose 
from the use of a constant damping ratio throughout the 
frequency range in the numerical model in COMSOL. 

 
Table 2. Comparing the values of natural frequencies obtained from 

COMSOL Multiphysics and MATLAB 

 COMSOL Multiphysics Matlab 

1st natural frequency (Hz) 47.82 47.81 

2nd natural frequency (Hz) 299.65 299.61 

3rd natural frequency (Hz) 838.81 838.92 

 
 

 
Figure 4. The first three mode shapes of the unimorph cantilever 

scavenger 
 
 

 
Figure 5. The voltage output versus the frequency for the unimorph 

cantilever beam within the range of 0 to 400 Hz through the 
analytical method 

 
Figure 6. The voltage output versus the frequency for the unimorph 

cantilever beam within the range of 0 to 400 Hz from COMSOL 
Multiphysics 

 
 

 
Figure 7. The voltage output versus the frequency for the unimorph 

cantilever beam within the range of 0 to 400 Hz for Rl = 50 kΩ 
through the analytical method and simulation from COMSOL 

Multiphysics 
 
Figure 8 plots the analytical output voltage for 10-210 Hz at a 
resistive load of 1 MΩ and different lengths. As can be seen, a 
50 % reduction (increase) in the initial harvester length (i.e., 
100 mm) reduced (increased) the output voltage and increased 
(reduced) the natural frequency. Since ambient vibration 
typically occurs at low frequencies, an increase in the beam 
length would enhance harvester performance. Figure 9 depicts 
the numerical output voltage for 10-210 Hz at a resistive load 
of 1 MΩ and different lengths. According to Figure 9, the 
numerical output voltage was calculated to be 2.921, 10.679, 
and 22.423 V at length factors of 0.5, 1.0, and 1.5, 
respectively; a rise in the energy scavenger length from 100 to 
150 mm led to a 110 % increase in the output voltage. The 
numerical results show good agreement with the analytical 
calculations. 

 

 
Figure 8. The voltage versus the frequency for variations in the beam 

length through the analytical method 
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Figure 9. The voltage versus the frequency for variations in the beam 

length through the finite elements 
 
Figure 10 plots the analytical output voltage at 30-70 Hz for 
substrate layer thicknesses of 0.25, 0.50, and 0.75 mm (ratios 
0.5, 1.0, and 1.5). As shown in Figure 10, a reduction in the 
substrate thickness diminished the natural frequency and 
elevated the output voltage of the energy scavenger. Although 
the decreased substrate thickness led to only a slight rise in the 
output voltage, it could be considered for performance 
improvement as the natural frequency of the energy scavenger 
would substantially decline. The output voltage was 
maximized (8.8 V) at a substrate thickness of 0.75 mm. Figure 
11 plots the analytical output voltage at 35-65 Hz for 
piezoelectric layer thicknesses of 0.2, 0.4, and 0.6 mm (factors 
0.5, 1.0, and 1.5). As can be seen, a decrease (rise) in the 
thickness of the piezoelectric layer decreased (raised) the 
output voltage and reduced (increased) the natural frequency 
of the harvester. This is not efficient in the performance 
improvement of the harvester as the output voltage undergoes 
a small rise, while the natural frequency substantially 
increases. 

 

 
Figure 10. The voltage versus the frequency for variations in the 

substrate thickness through the analytical method 
 
 

 
Figure 11. The voltage versus the frequency for variations of the 

piezoelectric layer thickness through the analytical method 

Figure 12 shows the numerical output voltage at 35-65 Hz for 
piezoelectric layer thicknesses of 0.2, 0.4, and 0.6 mm (ratios 
0.5, 1.0, and 1.5). The numerical results were in good 
agreement with the analytical calculations. The maximum 
numerical output voltage was found to be 9.338 V at a 
piezoelectric layer thickness of 0.2 mm. 

 

 
Figure 12. The generated voltage versus the frequency for variations 

of the piezoelectric layer thickness from COMSOL Multiphysics 
 
   Figure 13 represents the analytical output voltage at 40-55 
Hz for substrate elasticity moduli of 50, 100, and 150 GPa 
(ratios 0.5, 1.0, and 1.5). A reduction in the elasticity modulus 
not only diminished the natural frequency of the harvester but 
also resulted in a slight rise in the output voltage. This can be 
assumed as a performance improvement criterion of such 
harvesters. The reduced elasticity modulus of the substrate 
layer at a ratio of 0.5 increased the maximum voltage to 
10.609 V and reduced the natural frequency to 41.1 Hz. 

 

 
Figure 13. The voltage versus the frequency for variations in 
substrate Young’s modulus through the analytical approach 

 
   Figure 14 shows the numerical results at 40-55 Hz in 
COMSOL. The numerical and analytical results show good 
agreement. Figure 15 plots the analytical voltage output at  
37-60 Hz for piezoelectric layer elasticity moduli of 33, 66, 
and 99 GPa (ratios 0.5, 1.0, and 1.5). It was found that a 
reduction in the elasticity modulus of the piezoelectric layer 
reduced not only the maximum output voltage but also the 
natural frequency. This can be considered for reducing the 
natural frequency to the ambient excitation frequency range to 
improve harvester performance. A 50 % decrease in the 
elasticity modulus of the piezoelectric layer diminished the 
voltage to 9.2 V. 
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Figure 14. The voltage versus the frequency for variations in 

substrate Young’s modulus from COMSOL Multiphysics 
 
 

 
Figure 15. The voltage versus the frequency for variations in 

piezoelectric Young’s modulus through the analytical approach 
 
Figures 16 and 17 compare the analytical and numerical 
output voltages at 40-60 Hz for substrate layer densities of 
3582.5, 7165, and 10747.5 kg/m3 (ratios 0.5, 1.0, and 1.5). As 
can be seen, the analytical and numerical (COMSOL) results 
well agree. A rise in the substrate density was found to raise 
the output voltage and diminish the natural frequency. Thus, 
increased substrate density could be assumed as an effective 
measure to improve harvester performance. A 50 % rise in the 
substrate density increased the analytical output voltage to 
12.4 V. Furthermore, factors of 0.5, 1.0, and 1.5 in the 
substrate density led to numerical output voltages of 7.928, 
10.679, and 13.327 V and numerical natural frequencies of 
57.1, 48.9, and 43.4 Hz, respectively. 

 

 
Figure 16. The voltage versus the frequency for variations in the 

density of the substrate layer through the analytical approach 

 
Figure 17. The voltage versus the frequency for variations in the 

density of the substrate layer from COMSOL Multiphysics 
 
Figures 18 and 19 compare the analytical and numerical 
output voltages at 42-58 Hz for piezoelectric layer densities of 
3900, 7800, and 11700 (ratios 0.5, 1.0, and 1.5). Likewise, an 
increase in the density of the piezoelectric layer not only 
increased the output voltage but also substantially reduced the 
natural frequency. Piezoelectric layer density ratios 0.5, 1.0, 
and 1.5 resulted in numerical output voltages of 8.283, 10.679, 
and 12.977 V and numerical natural frequencies of 55.8, 48.9, 
and 44.0, respectively. Table 3 shows variations in the output 
voltage and resonant frequency of the energy harvester for the 
two approaches of changing physical and geometric 
parameters. 

 

 
Figure 18. The voltage versus the frequency for variations in the 
density of the piezoelectric layer through the analytical approach 

 
 

 
Figure 19. The voltage versus the frequency for variations in the 
density of the piezoelectric layer from COMSOL Multiphysics 
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Table 3. Percentage variations in the output voltage and resonant frequency of the cantilever energy scavenger due to changes in physical and 
geometric parameters 

Parameter Symbol/Unit Quantity 1 Quantity 2 
Quantity change 

(%) 

Natural frequency 

change (%) 

Output voltage 

change (%) 

Length l (mm) 50 100 +50 -152.57 +265.65 

Piezoelectric thickness hp (mm) 0.2 0.4 +50 +25.71 +14.35 

Substrate thickness hs (mm) 0.25 0.5 +50 +40.52 - 4.44 

Piezoelectric density ρp (kg m3⁄ ) 3900 7800 +50 -12.37 +28.98 

Substrate density ρs (kg m3⁄ ) 3582.5 7165 +50 -12.36 +34.68 

Piezoelectric Young modulus Yp (Gpa) 33 66 +50 +22.29 +8.92 

Substrate Young modulus Ys (Gpa) 50 100 +50 +18.98 +0.66 

 
5. CONCLUSIONS 

The performance of an energy scavenger was analyzed in this 
study by changing the geometrical and mechanical parameters 
of a unimorph cantilevered beam. The analysis of the energy 
harvester was done using COMSOL Multiphysics finite 
element software besides an analytical approach. According to 
the results, increasing the beam length led to a noticeable 
decrease in natural frequency, whereas the output voltage 
increased. Moreover, the output voltage decreased upon an 
increase in the thickness of the substrate layer. However, 
increasing the thickness of the piezoelectric layer increased 
the harvested energy. Furthermore, decreasing Young’s 
modulus of the substrate layer or increasing Young’s modulus 
of the piezoelectric layer increased the harvested energy. 
Finally, increasing the density of the piezoelectric layer or that 
of the substrate layer increased the output voltage and reduced 
the resonant frequency value. The results can be taken into 
account to design better energy harvesters and improve their 
performance. 
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NOMENCLATURE 

b Beam width (m) 
C Damping 
D3 Electric displacement 
d31 Piezoelectric constant (pm/V) 
E3 Electric field 
h Beam thickness (m) 
I Moments of inertia 
i Electric current (A) 
L Beam length (m) 
M Internal bending moment 
m Mass per unit length of the beam 
q Electric charge 
Rl Load resistance (Ω) 
S Strain 
T Stress 
v Output voltage (V) 
w General motion of the beam 
Y Young’s modulus (GPa) 
Greek letters 
∅r Mass normalized eigenfunction 
ϑ Electromechanical coupling 

ε33T  Permittivity (nF/m) 
ρ Density (kg/m3) 
λ Dimensionless frequency number 
ηr Modal coordinate of the clamped-free beam 
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